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Abstract
We study a class of two-dimensional compact extra spaces isomorphic to the sphere S 2 in the framework of multidimensional
gravitation. We show that there exists a family of stationary metrics that depend on the initial (boundary) conditions. All these
geometries have a singular point. We also discuss the possibility for these deformed extra spaces to be considered as dark matter
candidates.
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1. Introduction
Many problems of modern cosmology and of the Standard Model can be solved within multidimensional gravity.
Strings, branes, multidimensional black holes and other objects have great potential to describe various physical
phenomena. However, some questions can be solved by using the idea of extra dimensions only.
The standard starting point when one introduces extra dimensions is to assume them to be in a maximally symmetric
conﬁguration. This assumption makes it possible to obtain many interesting results [1, 2, 3]. On the other hand, there
is no universal reason to believe the space-time geometry to be really simple [4, 5]. The space-time foam can be able
to produce very diﬀerent geometries, leading to random initial conditions (at diﬀerent points of the space-time foam)
that are a key point deﬁning the properties of the extra dimensions.
This work considers diﬀerent stationary geometries of a compact two-dimensional extra space isomorphic to the
S 2 sphere. The Lagrangian of the model is a nonlinear function of the scalar curvature that allows to stabilize the
extra space size. Particularly interesting is the setup where at each point of a bounded domain of the physical three-
dimensional space, the corresponding two-dimensional extra space has a deformed geometry. As we show, this space
domain has an extra vacuum energy and could be considered as a dark matter particle. We have also estimated
the vacuum energy as a function of the extra space deformation and discussed the scattering cross sections of such
domains scattering oﬀ regular matter particles. Our estimate appears to fulﬁll the experimental constraints.
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2. Two-dimensional extra space
We will assume the extra space size to be small and its geometry having quickly stabilized after the Universe was
born. We consider a manifold with the metric
ds2 = gμν(x)dxμdxν +Gab(x, y)dyadyb, (1)
where gμν(x) and Gab(x, y) are the metric tensors of the four-dimensional space-time (the “main space”) and of the
extra space, respectively. In this paper we consider a metric uniform with respect to the coordinates of the main space,
Gab(x, y) = Gab(t, y). Moreover, the extra space metric stabilizes with time, i.e. Gab(t, y) −→ Gab(y) at t → ∞.
According to (1), the scalar curvature R is the sum of the Ricci scalars of the main space R4 and of the extra space
R2: R = R4 +R2, R4  R2. Under this assumption we can write R4 = (x, y)R2, where (x, y)  1 for all x and y, with
the intention to perform later an expansion in powers of the small parameter.
We start from the action (see, e.g., [6, 7])
S =
mD−2D
2
∫
d4xd2y
√|G(y)g(x)| f (R), f (R) =∑
k
akRk, (2)
where a1 = 1 and ak are arbitrary constants when k  1. Upon expansion of f (R) in powers of , the action becomes
S 
∫
d4x
√|g(x)|
⎡⎢⎢⎢⎢⎣M
2
Pl
2
R4 +
mD−2D
2
∫
d2y
√|G(y)| f (R2)
⎤⎥⎥⎥⎥⎦ , (3)
where D = 2 + 4 = 6. The Planck mass
M2Pl = m
D−2
D
∫
d2y
√|G(y)| f ′(R2(y)) (4)
depends on the speciﬁc features of the stationary metric Gab(y). Notice that the parameters ak can be ﬁne-tuned to
make the cosmological Λ-term small enough.
Varying the metric Gab(y) and neglecting terms proportional to the small parameter (x, y), we get
f ′(R)Rab − 12 f (R)Gab − ∇a∇b f
′ +Gab f ′ = 0. (5)
Taking the trace of (5), we have
1√
G
∂a
√
GGab∂b
d f
dR
= f − R d f
dR
, (6)
where a and b are the indices of the two coordinates in the extra space.
If we assume a spherical-like metric for the extra space,
ds2 = r2(θ)(dθ2 + sin2 θ dφ2), (7)
the scalar curvature will be expressed via the function r(θ):
R(θ) =
2
r4 sin θ
(−r′r cos θ + r2 sin θ + (r′)2 sin θ − rr′′ sin θ), (8)
where the prime means diﬀerentiation with respect to θ.
Eqs. (6) and (8) can be viewed as a system of second-order ordinary diﬀerential equations (ODE) for the functions
r(θ) and R(θ). We solved this system numerically in the segment 0 ≤ θ ≤ π, with boundary conditions at θ = 0
(see below). Notice that the case of the maximal symmetric extra space corresponds to R(0) = R∗, r(0) =
√
2/R∗,
r′(0) = r′′(0) = 0. The function f (R) was chosen in the form
f (R) = U1(R − R0)2 + U2, (9)
where U1, U2, and R0 are constants.
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Fig. 1. The extra space conﬁgurations of the “apple” type at r′′(0) = 0.03 (left panel) and of the “onion” type at r′′(0) = −0.01 (right panel).
Some typical results of our numerical calculations are shown in Fig. 1. For U2 = 0, depending on the value of
r′′(0), we get conﬁgurations of the “apple” type (at r′′(0) > 0) and of the “onion” type (at r′′(0) < 0). Note that the
“apple” type geometries have also been discussed in [8]. Fig. 1 demonstrates that the solutions develop a singularity
when θ → π.
Due to the symmetry of the problem, we can impose boundary conditions at θ = π. Then we obtain a singularity at
θ → 0. We can investigate the asymptotic behavior of the functions r(θ) and R(θ) at θ → 0. To this end we assume
r(θ) =
C
θb
, b > 0, θ → 0. (10)
Inserting it in the system (6), (8) we get:
r(θ) =
C√
θ
, R(θ) =
5
3C2
θ, θ → 0, (11)
where C =
(
3
10
(
U2
U1
+ R20
))−1/4
.
3. Domains with a deformed extra space
Consider a domain U of the main space with the deformed extra space of the apple type or the onion type. Suppose
that outside the domain U each point of the main space has the extra dimensions compactiﬁed into the ideal spheres.
Mass of such a domain for a distant observer can be estimated as
M  (ρ − ρ0)L3, (12)
where
ρ = m4Dπ
∫
r2(θ) sin θ f (R(θ))dθ, ρ0 = m4Dπ
∫
r2∗ sin θ f (R∗)dθ (13)
are the vacuum energy densities inside and outside the domain U, respectively; L is the typical size of U.
It is natural to suppose that the minimal size of the domain U is of order of the extra space size, i.e. less than
10−18 cm. In this case the mass of such a particle-like object can vary from zero to a few TeV or more. Notice that
eﬀects related to geometry of the extra dimensions can be interpreted as weakly interacting particles of the dark matter
[9, 10].
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Finally, we estimate the interaction cross section of such a particle-like object with the ordinary matter within the
non-relativistic quantummechanics [11]. Suppose that the domain size is of order of the extra space size, L ∼ l ∼ 10−18
cm. We ﬁnd the scattering cross section of the particle of mass m in the Born approximation on the potential
V(x) = V0 exp (−x2/l2), V0 = l−1. (14)
Then the scattering cross section:
σ  π2m2V20 l6 ∼ π2m2l4  10−43 cm2. (15)
This estimate agrees with the existing observational constraints.
4. Conclusion
We have considered stationary geometries of two-dimensional manifolds with the sphere-type topology. The stabil-
ity of geometry in the absence of matter is a consequence of the non-linearity of the initial Lagrangian. As an example
we discussed the Lagrangian being a second-power polynomial in the scalar curvature. The numerical solution of
the corresponding Cauchy problem showed that there is a class of sphere-type metrics. This class consists of two
sub-classes with diﬀerent behavior at the singular point θ = π. The ﬁrst subclass — the conﬁgurations of the “onion”
type — has a rather simple asymptotic behavior at the singular point. This asymptotic was investigated analytically.
The second subclass — the conﬁgurations of the “apple” type — has a more complex structure and strongly depends
on the initial conditions.
We have also shown that domains of our four-dimensional space-time with the deformed extra space at each point
can be interpreted as particles of the dark matter. Such particles interact with the ordinary matter only gravitationally,
their mass can vary depending on the parameters of the model and the initial conditions. The estimate of the interaction
cross section of these dark matter particles with the nucleons gives a value of the order of 10−43 cm2, that does not
contradict the existing constraints.
In this work we have estimated the mass of the dark matter particle. To obtain its precise value it is necessary to
ﬁnd a stationary solution of the Einstein equation in 4+2 dimensions. We are going to study this question in the future.
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